Abstract. In this article, we prove that a free divisor in a three dimensional complex manifold must be Euler homogeneous in a strong sense if the cohomology of its complement is the hypercohomology of its logarithmic differential forms. F.J. conjectured the same in all dimensions and proved it in dimension two.
is a quasi-isomorphism. This means that the complex Ω
• X ( * D) of holomorphic differential forms with meromorphic poles along D can be used to calculate the cohomology of U.
Generalizing ideas of P. Deligne and M. Katz, K. Saito [Sai80] defined the subcomplex Ω The natural dual of Ω 1 X (log D) is the module Der X (− log D) of logarithmic vector fields along D. As recently proposed by K. Saito, we adopt a notation harmonised with the conventions of algebraic geometry. For x ∈ X, a vector field δ ∈ Der X,x is contained in Der X,x (− log D) if δ(f ) ∈ O X,x · f for some, and hence any, holomorphic function f ∈ O X,x with (D, x) = (f ). K. Saito [Sai80] introduced the important class of free divisors: The divisor D is called free if Ω 1 X (log D), or equivalently Der X (− log D), is a locally free O X -module. Prominent examples of free divisors are normal crossing divisors or discriminants of stable mappings f : X / / Y where dim X ≥ dim Y . A holomorphic function f ∈ O X,x is called Euler homogeneous if χ(f ) = f for some χ ∈ Der X,x which is then called an Euler vector field for f . We call f strongly Euler homogeneous at x if it admits an Euler vector field χ ∈ m X,x · Der X,x . The divisor D is called Euler homogeneous if, for all x ∈ D, (D, x) = (f ) for some Euler homogeneous f ∈ O X,x . We call D strongly Euler homogeneous at x if (D, x) = (f ) for some strongly Euler homogeneous f ∈ O X,x at x. By Lemma 13, a product (D, x) = (D ′ , x ′ ) × ( , 0) with a smooth factor is Euler homogeneous and strong Euler homogeneity of (D, x) and (D ′ , x ′ ) are equivalent. By strong Euler homogeneity of D we mean strong Euler homogeneity at x for all x ∈ D. This definition can be fulfilled by a single local Euler vector field only at smooth points. Whereas Euler homogeneity is obviously an open condition, strong Euler homogeneity is not. For example, the free divisor D = (z(x 4 + xy 4 + y 5 )) ⊆ 3 [CU04, §1] is strongly Euler homogeneous at 0, with Euler vector field χ = z∂ z , but not at the other points of the z-axis by Lemma 13 and K. Saito [Sai71] . The divisor D is called locally quasi-homogeneous if, for all x ∈ D, (D, x) is defined by a quasi-homogeneous polynomial with respect to strictly positive weights in some local coordinate system centered at x.
Local quasi-homogeneity obviously implies (strong) Euler homogeneity. By K. Saito [Sai71] , the three properties are equivalent if D has only isolated singularities or, in particular, in dimension n = 2.
By F.J. Castro-Jiménez et al. [CNM96] , local quasi-homogeneity implies LCT for free divisors. F.J. Calderón-Moreno et al. [CMNC02, 1.4 ] prove that equivalence holds in dimension n = 2 by an explicit technical construction of an Euler vector field [CMNC02, 3.5] . They propose the following generalization of their result to higher dimensions which is the main motivation for this article. K. Saito [Sai80, §3] constructed the logarithmic stratification of a divisor by integration along logarithmic vector fields. At each point of a logarithmic stratum, the logarithmic vector fields span the tangent space of this stratum. In his language, a divisor may be called holonomic if this stratification is locally finite or, equivalently, its logarithmic characteristic variety is of minimal dimension n [ Sai80, 3.18 
is concentrated in degree 0 and the natural multiplication map Proof. We may identify (X, x) = ( n , 0) and assume that LCT holds for the Koszul free divisor (D, 0) = (f ) ⊂ ( n , 0) where f ∈ O n ,0 . By the preceding remarks, we know that (D, 0) is Euler homogeneous. If (D, 0) is not strongly Euler homogeneous then we may assume that there is an Euler vector field χ ∈ Der n ,0 \m n ,0 · Der n ,0 for f . By K. Saito [Sai71, 3.5], integration along χ yields a coordinate system x = x 1 , . . . ,
, 0) and Koszul freeness, strong Euler homogeneity, and LCT for D and D ′ are equivalent by Lemmata 28 and 29. But also the condition on the annihilator in Conjecture 3 is equivalent for f and f ′ . This is a contradiction by induction on the dimension n.
In this article, we describe the formal structure of the logarithmic vector fields, that is the m X,x -adic completion of Der X,x (− log D). The result in Theorem 20 is obtained by performing the construction of K. Saito [Sai71, §3] of the Poincaré-Dulac decomposition [AA88, Ch. 3. §3.2] simultaneously to a system of generators. In Theorem 31, we combine this result with an explicit necessary condition for LCT for a free divisor due to F.J. Calderón-Moreno et al. [CMNC02, §2] to prove Conjecture 1 in dimension n = 3. In fact it turns out that this problem is purely formal for a non Koszul free divisor. As a further application of Theorem 20, we describe in Propositions 24 and 25 the formal Lie algebra structure of the logarithmic vector fields for a free divisor in dimension n ≤ 3.
Vector fields
We 
Proof. This follows immediately from
Definition 7. Let δ ∈ m·Der and A ∈ n×n such that δ 0 = xA∂. Then δ is called semisimple resp. diagonal if δ = δ 0 and A is semisimple resp. diagonal and δ is called nilpotent if A is nilpotent.
Proof. Let δ ∈ m · Der where δ 0 = xA∂ and A ∈ n×n is nilpotent. After a -linear coordinate change, we may assume that A has Jordan normal form. Order the monomials first by minimal degree in x and then lexicographically by
and
Notation 9. Any vector field δ ∈ m · Der can be uniquely written as δ = δ S + δ N where δ S is semisimple, δ N is nilpotent, and [δ S,0 , δ N,0 ] = 0.
Recall that δ 0 is the linear part of δ ∈ m Der .
A diagonal vector field σ = i w i x i ∂ i ∈ Der corresponds to weights w = w 1 . . . , w n ∈ n . A power series p ∈ O or a vector field δ ∈ Der is w-homogeneous (we say also σ-homogeneous) of degree λ ∈ if
By Lemma 6, for a w-homogeneous δ ∈ m · Der of degree 0, there is a w-homogeneous -linear coordinate change such that δ 0 is in Jordan normal form. In particular, one can always assume that δ S is diagonal in this case.
Lemma 10. Let w = w 1 , . . . , w n ∈ É n be rational weights and let δ ∈ m · Der be a w-homogeneous vector field of degree λ ∈ É * . Then δ is nilpotent.
We may assume that λ > 0 and w 1 ≥ · · · ≥ w n . But then a i,j = 0 for i ≤ j and hence δ is nilpotent.
Nilpotency of vector fields is clearly invariant under arbitrary coordinate changes. We shall see that diagonal vector fields are invariant under coordinate changes which are homogeneous for the corresponding weights.
Lemma 11. Let σ = i w i x i ∂ i ∈ Der and w := w 1 , . . . , w n ∈ n . Then σ is invariant under w-homogeneous coordinate changes.
Proof. Let y
i = x i + h i with σ(h i ) = w i h i . Then ∂ x i = ∂ y i + j ∂h j ∂x i ∂ y j and hence i w i y i ∂ y i = i w i (x i + h i ) ∂ x i − j ∂h j ∂x i ∂ y j = i w i x i ∂ x i + w i h i ∂ x i − i,j w i x i ∂h j ∂x i ∂ y j + w i h i ∂h j ∂x i ∂ y j = i w i x i ∂ x i + w i h i ∂ x i − j w j h j ∂ y j − i w i h i (∂ x i − ∂ y i ) = i w i x i ∂ x i .
Logarithmic vector fields
Let 0 = f ∈ O be a convergent power series. There are analog definitions and statements as in this section for a formal power series 0 = f ∈ O.
Definition 12. The O-module of logarithmic vector fields is defined by
If Der f ⊆ m · Der then we call f a product (with a smooth factor). If χ(f ) = f for some χ ∈ Der f then f is called Euler homogeneous and χ is called an Euler vector field (for f ). We call f strongly Euler homogeneous (at the origin) and χ a strong Euler vector field (for f ) if χ ∈ m · Der.
Der f is invariant under multiplication of f by units and the Lie bracket on Der induces a Lie bracket on Der f . By the Leibniz rule,
∈ m · f for some δ ∈ Der f . In particular, Euler homogeneity is invariant under completion and strong Euler homogeneity at the origin as well. Moreover, strong Euler homogeneity of f is invariant under multiplication of f by units. Indeed, if χ ∈ Der f is a strong Euler vector field for f and u ∈ O * then (u + χ(u)) −1 χ is a strong Euler vector field for u · f .
Lemma 13. If f ∈ O n is a product then there is a coordinate change such that f = u · f ′ for some unit u ∈ O * n and some f ′ ∈ O n−1 . In this case,
∂ n is an Euler vector field for exp(x n )·f ′ , and strong Euler homogeneity of f and f ′ are equivalent.
Proof. A more general version of the first statement is given by K. Saito [Sai80, 3.5] . If χ = χ ′ + a n ∂ n ∈ m · Der where χ ′ ∈ m n · Der n−1 and a n ∈ m is an Euler vector field for f ′ then χ ′ |xn=0 ∈ m n−1 · Der n−1 is also an Euler vector field for f ′ which implies the last statement.
Lemma 14. Strong Euler vector fields are non nilpotent.
is an eigenvector with eigenvalue 1 of any strong Euler vector field. Therefore such a vector field can not be nilpotent by Lemma 8.
Freeness and Saito's Criterion
Definition 15. We call f ∈ O free if det δ i (x j ) i,j ∈ O * · f for some elements δ = δ 1 , . . . , δ n ∈ Der f . Note that δ = A∂ for A := δ i (x j ) i,j ∈ O n×n and δ := δ 1 , . . . , δ n ∈ Der f . We define freeness of f ∈ O analogously.
Freeness of
. . , k and j = 1, . . . , n. For some j, f i | ∂ j (f i ) is impossible and hence f i | det A for all i = 1, . . . , k and finally f | det A. Now assume that det A ∈ O * · f . Then δ is O-linearly independent. Let δ ∈ Der f and b ∈ O n such that δ = b∂. Then f | bB by the preceding arguments and hence
Thus δ generates Der f and is an O-basis.
Formal Structure Theorem
This section concerns only formal power series. Lemma 18 (K. Saito [Sai71, 2.5]). Let δ = δ 0 ∈ Der be linear and W -multihomogeneous of degree 0. Assume that its semisimple part δ S = i w i x i ∂ i is diagonal and set w := w 1 , . . . , w n ∈ n . Then, for any W -multihomogeneous p ∈ O of degree λ and any λ ∈ , there is a W -multihomogeneous q ∈ O of degree λ such that δ(q) − λ · q + p is w-homogeneous of degree λ.
Proof. In [Sai71, 2.4], we only need to replace the space W m,λ of homogeneous polynomials of degree m which are w-homogeneous of degree λ by the subspace W m,λ,λ ⊆ W m,λ of W -multihomogeneous elements of degree λ. Since this space is stable by δ, the same linear algebra argument applies and the claim follows exactly in the same way as in [Sai71, 2.5].
Theorem 19 (K. Saito [Sai71, 3.1]). Let δ ∈ m·Der be W -multihomogeneous of degree 0, δ S = i w i x i ∂ i , and w := w 1 , . . . , w n ∈ n . Then δ is whomogeneous of degree 0 after a W -homogeneous coordinate change. +h i tangent to the identity. We only need to add the condition that each h i is W -multihomogeneous of the same degree as x i . In fact, this follows from the recursion formulas used by K. Saito, precisely because of Lemma 18, with the multihomogeneity of the coefficients in
proved simultaneously.
Let 0 = f ∈ O be a formal power series. We assume that f is not a product which means that Der f ⊂ m Der.
Theorem 20 (Formal Structure Theorem). Let s be the maximal dimension of the vector space of diagonal σ ∈ Der f with σ(f ) ∈ · f for all coordinate systems and changes of f by a factor in O * . Then there are σ 1 , . . . , σ s , ν 1 , . . . , ν r ∈ Der f , a coordinate change, and a change of f by a factor in O * such that 1. σ 1 , . . . , σ s , ν 1 , . . . , ν r is a minimal system of generators of
Proof. Let σ 1 , . . . , σ s ∈ Der f where σ i = j w i j x j ∂ j and w i j ∈ such that σ i (f ) ∈ · f . We may assume that σ i (f ) = λ i · f where λ i ∈ {0, 1} by changing σ i by a constant factor. By Lemma [Sai71, 1.4], we may assume that w i := w i 1 , . . . , w i n ∈ É n and we denote W := w 1 , . . . , w s . Then f is W -multihomogeneous of degree λ := λ 1 , . . . , λ s . Let δ ∈ Der f \ σ 1 , . . . , σ s and a ∈ O such that δ(f ) = a · f . If a ∈ O * then we multiply δ by a −1 and we may assume a = 1 in this case. By Lemma 17, we may assume that δ and a are W -multihomogeneous of some degree µ ∈ É s . By Lemma 10, δ is nilpotent if µ = 0 and we may hence assume that µ = 0. By Theorem 19, there is a Wmultihomogeneous coordinate change such that δ is w-homogeneous of degree 0. By Lemma 11, the σ i are invariant under this coordinate change. If a = 1 then δ S (f ) = f by [Sai71, 3.2] and, by the maximality assumption, δ S ∈ σ 1 , . . . , σ s . We can hence assume that δ = δ N is nilpotent in this case. Otherwise, a ∈ m and we shall multiply f by a W -multihomogeneous u ∈ O * of degree 0 to make a w-homogeneous of degree 0. The transformation of a under this operation is given by Proof. This follows immediately from Nakayama's Lemma.
Corollary 23. In Theorem 20, if f is free and λ In the following, we shall prove the solvability of D 1 for a free f in dimension n = 3. By Proposition 24, it suffices to consider the case s = 1 in Theorem 20. In a convenient system of coordinates (x, y, z), Der f is generated by a diagonal vector field σ = ax∂ x + by∂ y + cz∂ z where a, b, c ∈ É and two σ-homogeneous nilpotent vector fields ν 1 , ν 2 of degrees λ 1 , λ 2 . The set of eigenvalues of [σ, ·] is the set of differences of a, b, c and includes λ 1 and λ 2 . There is σ-homogeneous relation µ := [ν 1 , ν 2 ] = λσ + p 1 ν 1 + p 2 ν 2 where λ, p 1 , p 2 ∈ of degree λ 1 + λ 2 . As the trace of a commutator, tr µ = 0 and, by additivity, tr σ = 0.
We first show that λ = 0 if the Lie algebra D 1 is not solvable. Indeed if λ = 0 then µ = p 1 ν 1 +p 2 ν 2 and D We may assume now that λ = 0. Then the σ-degree of λσ and hence of p 1 ν 1 , p 2 ν 2 , and µ equals 0. In particular, λ i = 0 implies p i = 0 for i = 1, 2 and λ 1 + λ 2 = 0 being the σ-degree of µ. Finally the situation of a non solvable D 1 reduces to the following two cases:
Case I: µ = λσ + p 1 ν 1 + p 2 ν 2 where λ = 0 and λ 1 = λ 2 = 0. Case II: µ = λσ where λ = 0 and λ 1 = −λ 2 = 0. In Case I, we would have D = · µ and D 1 would be solvable as follows from D (2) 1 = 0. However, we shall prove easily that Case I can not occur. We shall also prove that Case II is impossible by a more complicate argument.
Case I: µ = λσ + p 1 ν 1 + p 2 ν 2 where λ = 0 and λ 1 = λ 2 = 0. We may assume that a = 0 and let E be the a-eigenspace of σ. The equality λ i = 0 means that the ν i commute with σ and that E is invariant under the ν i and hence under µ. By restricting to E, we obtain the contradiction 0 = tr(σ |E ) = a · dim E.
Case II: µ = λσ where λ = 0 and λ 1 = −λ 2 = 0. Subcase a: σ = a(x∂ x + y∂ y + z∂ z ). This is impossible since all σ-homogeneous vector fields are of degree a − a = 0.
Subcase b: σ = ax∂ x + b(y∂ y + z∂ z ) where a = b. We may assume that λ 1 = a − b and write In the first case, we may assume by changing ν 1 , ν 2 , and σ (or equivalently λ) by a constant factor that
So the linear parts of the generators of Der f are in the canonical form
In the second case, we may assume that (a, b, c) = (1, 0, −1) after changing σ by a constant factor since tr σ = 0. Then we may write 
By Corollary 23, we may assume that f is σ-homogeneous of degree 0 with the same σ for (1) and (2). We can hence write f = i≥k f i where f i is homogeneous of degree i and 0 Proof. This follows from Proposition 24 and the preceding arguments.
LCT and Euler homogeneity
Finally we return to the situation of the introduction. Let x ∈ D and choose a coordinate system x = x 1 , . . . , x n at x defined in some Stein open neighbourhood V x of x. Let V x = (V x,i ) i=1,...,n be the Stein open covering of V * x := V x \{x} defined by V x,i := {x ∈ V x | x i = 0} and U x its restriction to V x \D. The following explicit necessary condition for LCT for free divisors is due to F.J. CastroJiménez et al. [CNM96, CMNC02] . Its proof relies on the comparison of the four spectral sequences arising from the two double complexeš 
We shall combine Theorems 20 and 26 to prove Conjecture 1 in dimension n = 3. We first give a more explicit description of the map d 1 in Theorem 26.
Lemma 30. Let δ ∈ m · Der and A ∈ n×n such that δ 0 = xA∂. Then
Proof. This follows immediately from the definition of H.
¿From now on, let n = 3 and abbreviate x, y, z := x 1 , x 2 , x 3 and ∂ x , ∂ y , ∂ z := ∂ x 1 , ∂ x 3 , ∂ x 3 .
We assume that f is not Euler homogeneous and claim that LCT does not hold for D. By Corollary 22, there is an O-basis σ 1 , . . . , σ s , ν 1 , . . . , ν n−s of Der f O as in Theorem 20 and, by Corollary 21, we may assume that σ i (f ) = 0 for all i = 1, . . . , s. There are the following cases: Case I: s = 0. Then the claim follows from Corollary 27 and Lemma 30 using a truncated coordinate change in Theorem 20.
Case II: s = 1 and σ = σ 1 = a∂ x + b∂ y + c∂ z . Subcase a: a = 0 and b, c = 0. In this situation, f is annihilated by σ = ax∂ x and hence by ∂ x . Then f = f (y, z) does not depend on x in contradiction to our assumption that f is not a product. Case III: s ≥ 2. In this situation, there are two linearly independent σ 1 , σ 2 ∈ Der f O and hence the Newton diagram of f is contained in a 1-dimensional vector space. Then there is a monomial x i y j z k and a unit u ∈ O such that f = u · x i y j z k . But this means that D is Euler homogeneous in contradiction to our assumption.
Finally we have proved our main result.
Theorem 31. Conjecture 1 holds in dimension n = 3.
There is also a simple proof of Theorem 2 using Theorem 20, Corollary 27, and Lemma 30 as above.
